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A seT is simply a collection of objects.

An object in a set is called @aEMENT . “x is an element d&’ (or “x is a member
of §) is writtenx J S

The number of elements in a set is calledckrDINALITY of the set.

“The cardinality ofS’ is written §.

1.1. Some special sets

* The set of everything being considered is catlegelUNIVERSE and is writterlJ. (This
will vary from context to context.)

* Any set with one member is calle$BGLETON SET.

* The set with no members at all is calledeleTy SET (or NULL SET) and written].

» Occasional named sets, e.g, D, N, Z, etc., which will be described when named.

1.2. Thingsto do with sets

Definition:
Definition:

Definition:

Definition:

Definition:

Definition:

Definition:

A IS IDENTICAL TO B, written A = B, iff they have exactly the samembers.
A is asuBseTof B (A O B) iff every element of A is an element of B.
A is aPROPER suBseTof B (A O B) iff A O B and Az B.

TheINTERSECTION of A and B (AN B) is the set that contains all and only those
elements that are ooth A and B.

TheunioN of A and B (Al B) is the set that contains all and only thosenelats
that are in Aor B (or both)?

TheDIFFERENCE of A and B (A — B) is the set of all individualsat are in A and
not in B.

ThecompPLEMENT of A (A’) is the set of all individuals that are not inwith
respect to some “universe of discourse” U: thatlis; A.

ThePoWwER SET of A, £(A), is the set of all subsets of A.

! Also: A is a PROPER) SUPERSETOf B iff B is a (proper) subset of A, written A B, A O B. But this is rare.
2 Additional notation: AN B N C is often written a§){A, B, C}, and A0 B O C aslJ{A, B, C}.
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1.3. Howto specify a set

1.3.1. List Notation

Simply write out a list of the elements of the set.

{Brown, Columbia, Cornell, Dartmouth, Harvafkenn, Princeton, Yale}

.« A
B {1,2,3,4,5,6,7,8,9 10, 11, 12, 13, ...}

Advantages

* It's immediately clear what's in the set.
* It works for pretty much any set.

Disadvantages
» The larger the cardinality of the set, the hartierto write out the full list.
* Once the set is infinite, literally listing theements becomes impossible. It can still be
done using ellipses, but it may be ambiguous oteanc

F={1,3,5,7, ..}
P = {6, 28, 496, ...}

1.3.2. Predicate Notation

Describe the members of the set, rather than nagaol one. Frequently used notation: “the set
of all x for which it’s true that [condition]” is writtenX| [condition]}. Examples:

* A= the set of lvy League schoots,
{the vy League schoolshr
{x such thak is an vy League schoolgr
{x|xis an vy League school}

* B= {x|xis a positive integer}

Advantages
» Concise and unambiguous, both of which are duately for infinite sets

Disadvantages

» Doesn’t work for every set
* Russell's Paradox
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Russell's Paradox

Let Sbe the set of sets which do not contain themsghe$S= {x | x 0 x}.
Question: isSa member o08?

(i) If Sis a not a member & then it matches the criterion for inclusiondrand
therefore it must be a member®f

(i) If Sis a member 0§, then that's because it matches the criterionnidusion
in S i.e. because it's not a member of itself, iS4s not a member &

ThereforeSis neither a member & nor not a member &

Moral of the story: just because you can writgotvn doesn’t mean yashould Or, a
little more formally: just because you can writéijpredicate notation doesn’t make it a
well-defined set.

* One solution: everything in a set should be Hrae “type”, e.g.

o Integers; people; sets of integers; sets of Jateagers...
This will happen to be a feature of what we doutjh we won'’t require it.

2. TUPLES
Definition: A SEQUENCE is a list of objects in a particular order.

Finite sequences are also calfegbLES; a sequence with elements is an-tuple. (A 2-tuple is
usually called an “ordered pair”.)

Definition:  TheCARTESIAN PRODUCT of two sets A and B (4 B) is the set of ordered pairs:
{<x,y>|xOA andy J B}

Technical note: tuples can be defined in termsetd by saying X y> =g {X, {X, ¥}}. It's handy
to know—it means that, by introducing tuples, wevdrdt really added anything new to opr
system beyond just sets. We've only added sometiontaOn the other hand, the notation|is
handy and we’ll never really need to use the {§, y}} underpinning, so you can pretty much
ignore it.
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3. RELATIONS

Definition: A RELATION is a set of pairs.
ThepomAIN of a relation R isX | there is somg such that x, y> [ R}.
TheRANGE of a relation R isy | there is some such that %, y> [0 R}.

Specifically: If RO A x B, then R is aelation from A to B
IfROA x A, then R is aelation in A
If <x, y> [0 R, also written Ry, y), Rxy, or xRy, then Rholdsbetweerx andy.

Definition:  ThecompLEMENT of a relation RJ A x B, written R, is the set of pairs in A B
thatare notin R, i.e. & y> | <, y> O R}

Definition:  TheINVERSE of a relation RO A x B, written R, is the set of pairs in R with
their elements reversed, i.e.\f{s¢ | <, y> O R}

4. FUNCTIONS
Definition:  F is arFuNcTION from A to B, writtenF : A — B, if
F is a relation from A to B such that:
(a) each element in the domain of F maps to ong/element in the range, and

(b) domain(F) = A

Note: if domain(F)X] A, then F is called partial function In general, “function” by itself is
used for complete functions only, though we mayasmmally see partial functions.

If <x, y> O F, thenF(x) =y, read F mapsxtoy”.
In F(X) =y: Xis theARGUMENT , y is theVALUE .

If each element in the rangefis mapped to by only one element in the domain+i.e
the converse of (a) in the definition—thEns ONE-TO-ONE. (If not, F is MANY -TO-ONE.)

If rangef) = B—i.e., the converse of (b)—th&nis oNTO (or a function “onto B”). (If
not, F isINTO or a function “intoB”.)

If F is one-to-one and ontB,is called aONE-TO-ONE CORRESPONDENCE. (Note that in
this casdé=" is also a function.)
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4.1. Functionsand Sets
Suppose thdt) = {a, b, c, d, e, f, g, h, i, jlP; = {TRUE, FALSE}, and S ={a, b, c, d, e}.
e allS: True. HWIS:True. fS: False. (etc. etc.)

Rather than giving this kind of list, we can writdunctiong:U x Dy to represent it:

true 1 This is thecharacteristic function of S: the function such that

a —
b — TRUE .
C — TRUE for allx 0 U, o(x) :{TRUE TXOS
d — TRUE ’ FALSE otherwisé
€ — TRUE . . . . .
=+ _ eaLsE This turns a set into a function. We can turnrecfion ¢ into the set
g — FALSE characterized by:
.h — FALSE S = {the individuals< such thatp mapsx to TRUE} or
! & FALSE S = {x 0 U | (X) = TRUE}
| ] — FALSE_

i.e.,0(@) =TRUE is equivalent to al S.

» Quick moral: functions are different from seBut we can sometimes talk about them
interchangeably. (And thus we might wrétél ¢ as a shorthand.)

4.2. What about algebra?

The kinds of functions that are more familiag.N x N.°

1 - 2 i.e.,y(X) =x+ 1, i.e. the function from natural numbers tounattnumbers
2 —» 3 such that it maps each natural number to its ssoces

v = 3 > 4
4 — 5 There’s not really a set characterized by this fionc Generally: a set

containing elements @& can be expressed as a functiiBx D;. And a
function can be expressed as a set if the ranteedtinction iD;.

But: since functions (for us) are ordered pairs,cae instead use...
v ={<1,2>, <2, 3>, <3, 4>,<4,5>, ...}

(i.e.,y(<1,2>) =TRUE, y(<1,3>) =FALSE, y(<2,2>) =FALSE, ...)

3N = the set of positive integers = {1, 2, 3, 4, ...}
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4.3. How to specify a function

4.3.1. List Notation
Write out the mappings of the function, as above.

Advantages
* It's immediately clear what's in the-sieinction.
* It works for pretty much any-séinction.

Disadvantages
» The larger the cardinality of the-dahction, the harder it is to write out the fusl
mapping.
» Once the-sdunction is infinite, literally listing the-elem&mappings becomes
impossible.

| Note: that should look familiar, from the “list notatidor sets” earlier|

4.3.2. Descriptively

A function must specify what it's a functidrom, what it’'s a functiorto, and which function it
is. For example:

* ¢ is that function from the univerééto the set {RUE, FALSE} which, given an element
in the universe, returmRUE if the element is a member of set S aadse otherwise.
(See previous page for list notation.)

* y is that function from the (set of) positive integéo the (set of) positive integers which,
given a positive integer, returns its successor.

* y is that function from the (set of) human being#® (set of) cities which, given any
human being, returns the city that that human beiag born in.

List notation forny andh requires ellipses (and may not be perspicuous):

1-2 Lance Nathar~ Atlanta, GA
12—3 _| Bill Clinton — Hope, AR
V=354 X~ Marco Polo— Venice, Italy

For exampley(1) = 2;x(Lance Nathan) = Atlanta, GA.

In general, we'll prefer descriptions.
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4.4. Functionswithin functions
The value a function returns can also be anothestifon, or a set. For instance:

* mis that function from human beings to functioreirmovie trilogies to the power set
of {1, 2, 3} which, given a human being, returnattfunction which, given a movie
trilogy, returns the set of numbers such that tlvadin being has seen thié movie in
the trilogy if and only ifnis in the set.

[ Pirates of the Caribbean {1,3}
The Lord of the Rings~ {1,2,3}
Lance Nathan— The Godfather- [

In list notation'm = :Pirates of the Caribbean {1,2,3} .
The Lord of the Rings- {1,2,3}
The Godfather- {1,2,3}

Roger Ebert—

Pirates of the Caribbean {1,3}

The Lord of the Ri 1,2,3
mostae e £ ™ RIS 29

Pirates of the Caribbean {1,3}
The Lord of the Rings~ {1,2,3}

And becaus The Godfather [ (PotC) = {1,3}, we can write

m(Lance Nathan)(Pirates of the Caribbean) = {,3}.

Of course, neither list notation nor the descripi®especially easy to read....

* Note that functions always operate in this ordgA)(B) means “give A tan as an argument, and give B to the
result”. It never means “give B taas an argument, and give A to the result”, orégds/to A as an argument, and
give the result tan". If we wanted the latter, we’'d write(A(B)).

[71



LING 553
Mathematical Background
Sept. 3, 2008

. LAMBDA NOTATION

In semantics, we use a particular notation invg\ambdas, whereambda(A) indicates “this
thing is a function.”

The general format of a function Mnotation is AA : B . C]. In this:
A is called theargument variable
(a letter standing for an arbitrary argument),
B is called thalomain condition, introduced by a colon
(which puts a condition on the possible valueshefargument variable),
C is called thevalue description introduced by a period
(which gives the value assigned by the function)

For example: functiony:

y is that function from the (set of) positive integ¢o the (set of) positive integers which,
given a positive integer, returns its successor.

can be written:

that function... from positive integers to positive integers, which,
given a positive integer, returngfs successor
[ Ax :x ON : x+1 ]

Similarly:

y IS that function from the (set of) human being#® (set of) cities which, given any
human being, returns the city that that human beiag born in=

¥ = [A : Xis a human being . the citywas born in]
This becomes even more helpful with functions erdieedn functions:
m s that function from human beings to functiormirmovie trilogies to the power set

of {1, 2, 3} which, given a human being, returnattfunction which, given a movie
trilogy, returns the set of numbers such that t@dmn being has seen thi&a movie in

the trilogy if and only ifnis in the set=

m=[Ax : xis a human being .
[AT : T is a movie trilogy . fi 0 {1,2,3} | x has seen theth movie in trilogyT}] |
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5.1. What about truth values?
U={a,b,c,defqghiij} S={a, b,cé}

a — TRUE b — TRUE ¢ is that function from the univers&to the set {RUE,

¢ — TRUE d — TRUE FALSE} which, given an element in the universe, returns
p=| e - TRUE f — FALSE TRUE if the element is a member of set S andse

g — FALSE h — FALSE otherwise.

I — FALSE | — FALSE
Just as:

ey =[AX:xON .x+1]
takes a number, returns a number

* x = [AX: xis a human being . the cixywas born in]
takes a human being, returns a city

We wanto to take an individual and return a truth value:
e o =[Mx:xOU.TRUEIf X 0§ FALSE otherwise]

This can be abbreviated to simply [Ax : x O U . x 0 §, where any time there’s a clause as the
value description, it meansRUE if this clause is truesALSE otherwise”.

5.2. Lambda-conversion

To apply a function written ih-notation to its argument: remove thend its argument variable
and domain condition; remove the argument; andtdutesthe argument wherever the argument
variable occurs within the value description,

For example: AxON. X+ 2x + 1](5)
A N
= PxEN X+ X+ 1§5)=5+25+1=36
Another example:  NxON . [y ON . x%=y|(5)(4)
KN
=PxEN . Dy ON. X —yI6}4) =Py ON . 5-y](4)
:w&m.sz—@azsz—fzzs—m:g
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