More Mathematical Tools
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February 5, 2008

1. CURRYING FUNCTIONS
Problem: given function application...

(2) Function Application (Rule #1 of I nterpretation)
If a node M has daughterg,[D; [in either order!], and Dis a function that can take,D

as an argument, then [M] = [P([D2])
...we need a semantics for transitive verbs thasdd requires an ordered pair.

Currying' is a method of taking a function from pairs, amahing it into a function from one
element of the pair to functions from the othenwat of the pair. Take, for example, the “+”
[ <1,1> —> 2
<1,2> — 3
. . : <2,1>— 3
function, which takes a pair of numbers and retarnsmber: “+” 5 <32> > 5
<2,2>— 4
| (etc. etc. etc.)

Currying will give a new functiofh such that(x)(y) returns what “+” would return when applied
to <x, y>. That means that, giveqit’ll return afunction The functions are:

1-2 1-3 1-4
wian_|2—3 wian_| 204 wiam_|2—5
+1" = 354 +2" = 3,5 +3" = 356 and so forth.
_ 1 o
2— 3
=134
1 — [the +1 function I
“Curried +” = 2 — [the +2 function]| _ 1 — 3]
urrie ~| 3— [the +3 function]| 2—-4
2 —
3—5
3 — etc.
- etc. —

! Named for Haskell Curry, but originally developegMoses Schénfinkel; thus sometimes called
Schonfinkelization
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So our meaning for “killed” from last time:

* [killed] = that function from pairs of individuals to ttuvalues such that, given an pair
of individuals <, y>, it returnstrRUE if and only ifx killed y

...can be Curried in this manner to give:

* [killed] = that function from individuals to [functionsdm individuals to truth values]
such that, given an individug] it returns [that function from individuals to truvalues
such that, given an individug] it returnTRUE if and only ify killed X]

Now we need a structure in whikfll can combine first
with one name, and then the other. Fortunatelyt mos Booth
syntacticians believe that the structure to thetrigthe one killed Lincoln

we want anyway.

Digression: why is that?

* It's much easier to conjoikilled Lincoln with other verb-object pairs than o
conjoinBooth killed with other subject-verb pairs. That is, it's pyatatural
to sayBooth [[killed Lincoln] and [fled the scene]] than[[Mary Todd
loved] and [Booth killed]] Lincoln. Not impossible, but harder.

* If someone ask&hat did Booth do?, you could answeShot Lincoln.
But if someone ask®What happened to Lincoln?, you can't just say
Booth shot. (Similarly: What Booth did was shot Lincoln is OK, but
not What happened to Lincoln was Booth shot.)

* And so on, through various other tests.

Now, to check that our meaning is right, we shaddhrough a derivation, starting by
combiningkilled with Lincoln. killed means “that function from...”

2. THE LAMBDA CALCULUS

Rather than write these things out in words, seitiatg use a particular notation involving
lambdas, wherambda(A) indicates “this thing is a function.”

The general format of a function Mnotation is AA : B . C]. In this:
A is called theargument variable
(a letter standing for an arbitrary argument),
B is called thelomain condition, introduced by a colon
(which puts a condition on the possible valueshefargument variable),
C is called thevalue description, introduced by a period
(which gives the value assigned by the function)
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For example: the “+1” function from the last sentiavhich we’d generally have to call “that
function from numbers to numbers which, given dipalar number, returns the result of adding
one to that number”. can be writtexx[: x is a number x + 1]. That is:

that function... from numbers... to numbers, which.
given a particular... number, returns... ...the result of adding ondné&d humber
[AX : Xisanumber .x+1]

This notation expresses exactly what the wordyigrrdoes: the entire thing is a function, and
the parts tell you that it takes a number, whicklwall x, and returns the number1.

What about killed]?
* that function from individuals to [functions fromdividuals to truth values] such that,
given an individuak, it returns [that function from individuals to thuvalues such that,

given an individuay, it returnTrRUE if and only ify killed X]

Taking it piece by piece:

that function... from individuals... to functions...from individuals... to truth values...
given an individuak, returns... ... given an individuay, returns... ... iff y killed x
[AX : X is an individual Ay :yis an individual y killed X]]

* [killed] = [AXx: xis an individual .y : y is an individual y killed X]]

(Note that TRUE iff o” can be abbreviated to simplg™)

2.1. Semantic Types

If we want to talk about what type of object or étion something is, we can also abbreviate “a
function from individuals to functions from indiwidls to truth values”. Specifically:

* An individual has type;
* A truth value has type
» A function from A’s to B’s has typéA, B)

For example:
« a function from individuals to individuals:{e, €)
« a function from individuals to truth valuesce, t)

« a function from (functions from individuals taith values) to (functions from individuals
to truth values): {e 1), (g t))
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In general, the set of objects with typés written as [. That means we can abbreviate:
* [killed] = [Ax: xis an individual .1y : y is an individual y killed X]]
as

o [killed] = [Ax:x O De. [Ay:y O De.y killed x]]?

2.2. Lambda Conversion (aka lambda reduction)

To apply a function written ih-notation to its argument: remove thend its argument variable
and domain condition; remove the argument; andtgutesthe argument wherever the argument
variable occurs within the value description,

[Lincoln snorep =[Ax:x 0 De . TRUE iff X snores] (Lincoln)

[Pxé=xE-Be- TRUE iff X@i—ﬂé@l—ﬁ)

TRUE iff Lincoln snores

or, for instance: NX ¢ + 2+ 1](4)
:[Ax.xm=42+2-4+1:25

If there are two arguments, the one closest ta thenction is taken first. If there are tws, the
one on the outside takes its argument first.

[AX:xODe. [Ay:y O De . TRUEIff y killed X]](Lincoln)(Booth)

= [AoxEBe= [AY : y O De . TRUE iff y killed )’(ﬁ(l:\inemn}(Booth)
=[Ay :y O De. TRUEIff y killed Lincoln](Booth)

T
Py-—yHBe- TRUE Iff y killed LincolnBeeth)

TRUE iff Booth killed Lincoln

2.3. Important note#1. ordering and parentheses

Note that, in Ax : x [0 De . [Ay : y O De . TRUE iff y killed x]](Lincoln)(Booth), the function takes
Lincoln, and then takes Booth; Lincoln does noetBlooth as an argument. That'’s fairly
obvious in the case of Lincoln and Booth, who asthbndividuals, but you do have to be
careful if one of the arguments is also a function.

%2 The notatiorx : x 0 D is sometimes abbreviated furthemt@l De.
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For example:
(2) [Ay:yODnn . [x:xODn.y(2X)]](Az:zODy.z+ 1)(5)
Here’s thewrong way to start evaluating (2).

¥~ N\
(3) [Ay:yODnmn . [x:x0ODy.y(2X)]](Az+z8Dy-. z+ 1)(5)
=[Ay:yODpm . Ax:xODy.y2¥1](5 + 1)
=[Ay:y O D n . [Ax:x O Dy . y(2X)]](6)

Note that “6” is the wrong type of argument for fhaction. Here, we have:

f=Az:z0ODp.z+1 (n, n)
g=Ay:yUDunn . [Ax:x0Dn.y(2X)] «n, n),<n, )

And while (2) can be written agf)(x), (3) is evaluating(f(x))—not at all the same thing!

(4)  What (3) actually evaluateg(f(x))
[Ay:y O Dy - [AX:x 0Dy . y(29]]([Az: 20 Dy . 2+ 1](5))

The proper way to evaluate (2):

.~
(5)  [Ay¥yEDBpna~[MX:xODn.y(2¥]](Az:zO Dy . z+ 1)(5)
=[Ax:x0ODy.[Az:zODy.z+ 1(2%)](5)

=[Ax:x 0D, . [Az=2zE-D,. Z{E(ZX)](E’)
=[x :x0Dy. 2+ 1(5)

= [Axx5Dy 2(%)

=[2(5) + 1
=11

2.4. |mportant note #2: alphabetic variants

Because variable names are arbitrary, it doesrttemahich ones we pick. That means that the
following are all exactly identical:

o [AX:X[ODe. [Ay:yODe.TRUEIff y killed X]]
* [AYy:y[ODe. [AX:x0ODe.TRUEIff X killed Y]]
o [AMf:f0De. [An:n0De.TRUEIff nkilled f]]
o [AXy: X% O De. [AX: X O De . TRUE iff X killed x4]]
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It doesn’t matter at all what variable names weosigo (Conventionally, we usey, z as
variables of type, andP, Q as variables of typg, t), but the domain restriction specifies the
type of the variable, so in the end we can teliradter what variable name is used.) The
following, however, ar@ot equivalent to the above function:

* Ay :y O De.Ax:x[De . TRUEIff y killed x
e AX:X0ODg.AX:x0ODe.TRUEIff X killed x

The replacement of variables must be consisteatitrout; and cannot use variables already
being used.

3. USINGALL OF THIS
(1)
When giving the meaning of an expression (i.e., its
denotation), you'll want to work through it step &tgp,  (2) Booth (3)
noting at each step what rule or rules are beieg.ubhis
can actually be done “top-down” or “bottom-up”. rkbe (4)killed  (5)Lincoln
structure at the right, whose nodes have been odevdy
numbered:

3.1. Top-Down

[11 = [312D Function Application (FA)
= [[41([5D) 1(12D) FA
=[[Ay O De. X O De . x killed y]]([ Lincoln]) ] ([Booth]) Lexical Meaning (LM)

=[[Ay O De . [Ax O De . x killed y]](Lincoln) ] (Booth) LM x2
= [AXe . X killed Lincoln](Booth) A-conversion
= TRUE iff Booth killed Lincoln A-conversion

Note: the order of operations doesn’t matter. Téneik that each line is equivalent to the one
above it by substitution of an expression for anigent one.

3.2. Bottom-Up

[5] = Lincoln LM
[4] =[AyODe.[Ax0ODe.xkilledy]] LM
[31 =T[41{sD FA
= [Ay O De . [Ax O De . x killed y]](Lincoln) steps 1 and 2
= [AXe . X killed Lincoln] A-conversion
[2] = Booth LM
[11  =[312D FA
= [AXe . X killed Lincoln](Booth) steps 3 and 4
= TRUE iff Booth killed Lincoln A-conversion
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