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Finite State Automata

. A finite state automaton (or FSA) Is:

- a finite set of states...

- ...0one of which Is a start state...

- ...at least one of which Is an end state...

- ...with a finite number of ways to transition frame
State to another.

- FSAs are used to model procedures, machines, et



Example: Automatic Doors

Input Signals
entrance exit both neither
CLOSED OPEN CLOSED OPEN CLOSED
States
OPEN OPEN OPEN OPEN CLOSED

- Finally: we can specify this graphically:

entrance
exit exit
neither both
. neither
CLOSED OPEN
entrance

both



Regular Languages

. Let’'s work towards a formal definition of a finite
state automata (FSAS).

. Definition: aregular language s a language that
can be modeled with a deterministic FSA.

Long-Term Goal
Determine how powerful a system we need to model

natural language.
In particular: determine whether natural languages

are regular languages.




Definition:

Definition:

Definition:

Definition:

Definition:

Strings and Alphabets

An alphabet is any finite set. The
elements of an alphabet are called
symbols.

A string over an alphabet Is a finite
seguence of symbols from the alphabet.

Thelength of a stringx, written [x|, is the
number of symbols in the string.

Theempty string (€) Is the string of
length zero.

Stringy Is asubstring of stringx if y
appears consecutively withx



Finite State Automata:
A Formal Definition

Definition: A finite state automaton is a 5-tuple,
<Q, 2,9, s, F>, iIn which:

Q Is a finite set of states

2 Is the alphabet

0 IS the transition function

s Q Is the start state

F 0 Qs the set of accept states (or “end states”)
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Finite State Automata:
A Formal Definition

For example, the cola machine:

CM=<Q, 2, 9,s, F>, where:
a. Q={0¢, 5¢, 10¢, 15¢, 20¢, 25¢}
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Reminder: the connection to
language

- One way to think of CM: it takes a series of cansl either

accepts them because they add to 25¢, or rejents th
because they don't.

- Another way to think of CM: it takes a string (J.a.series
of letters) and either accepts them as part ohguage or
rejects them as not.

- Goal: (try to) create a machine “E” that takes mgt(i.e. a
series of words) and either accepts them as p&mnglish
or rejects them as not. Q




FSAs: Accepting Strings

. A language Is @ossibly infinite)Set Of(finite-length)
strings. Thus, we can connect the strings of the
language to the FSA that models the language:

Definition: A FSA acceptsa stringx if there Is a path from

the start state to an accept state that moves along

transitions labeled with the symbols in the string,
In order.

It regectsthe string if there is no such path.



FSAs and Languages

- S0: an FSA has an alphabetiéxicon) and a set of
strings over that alphabet that it acceptariguage).
To be explicit:

Definition: The languagenodeled (or defined) by a
finite state automatoM, writtenL(M), Is
the set of stringM accepts.

- Thus, a FSA acts as a syntax for a language: it
provides an algorithm that produces all (and only)
the strings In the language.



The Transition Function

Definition: A transition function o 1s a function

QxZ-Q
e.g., suppos® = {A, B}, and2 = {0, 1}...




The Transition Function

Definition: A transition function o 1s a function
QxZ-Q

. In particular, it specifies the transitions of af; 8y
saying, roughly:
- |f you're In stateq and following a transition labellext,
. l.e., given the ordered paig=sx>
- then the next state you're going to Is stte
. l.e., returng' as the result.

- Because we’'re looking at DFAGmust be an actual
function: It must give one and only one “next” state

for each state/symbol pair.




Reading and Constructing State Diagram

- Glven a diagram of a FSA, how can we determine
the 5-tuple Q, 2, 0, s, F>?

- Glven a 5-tuple , 2, 9, s, F>, how can we draw
the diagram?

- For instance, the finite state automalén
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M, =<Q, 2, 9, s, F>, where...

The states dfl, = Q = {%o A1, A2}
The alphabet ofl, = = = {0, 1}
The start state d¥l, =s= do

The accept states bf, =F = {q,}

Note thatM, Is deterministic. For each state, there I
one and only on® transition leading out, and one
and only ond transition leading out.
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0,1
e S0 what I? e Or, less formally but

Qx> - Q more concisely:
<q0’ 0> - qO 6 0O 1
<Op» 1> - 0 Qoo s
S 07 = G 0| G
<O, 1> -

U2 |01 2

<Q,, 0> - (O,

<Oy 1> - Q

e €.9.,0(<q,, 0>) =(q,, etc.
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. Any string can b@rocessegdto see whether the FSA
accepts or rejects it, as follows:

- Start in the start state, at the beginning of thag
- Read the next symbol in the string
- Follow that symbol’s transition from the currerdtstto
the next state, and make that the new current state
- |f there are symbols left, go to step 2
- When there are no symbols left:
. If the current state is an accept state, accetting.

. Otherwise, reject the string.
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. For example: doelsl, accept the string101?

Current State Next Symbol New State
0o (= 9) 1 d;
o 1 J;
o 0 J;
0o 1 d;
d; (end)

- Check: isg, an accept state?

- Answer:yes. Therefore: acce101.
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. Question: which of the following strings are

~® 20 T W

accepted by,?

1 yes
01 Ves
101000 no
11 yes
0101010101 yes
10 NO

0101000000 yes

100 yes
0 no

0100 yes
110000 yes

111010100000 no



Drawing State Diagrams
- Question: draw a state diagram bf, = <Q, 2, 0, S,

F>, where: 0 :
- Q={0p ay} % -
0
> 22101} \Which of the following strings
.5 0 1 doesM, accept?
BG{db G
a. 0 no
i |G G b. 1 yES
c. 00 no
s=q d. 11111  ves
_ e. 1000000 no
- F={q,} f 1010011 yes
g. E no



Drawing State Diagrams

- Question: give the formal description for the
following FSA, M. 0 1

- Q= {qo, ) Eo{ o

© 2510, 1 - Which of the following strings
-0 0 1 doesM, accept?
BG{db G
a O YES
0,10, O b. 1 no
c. 00 YES
. S=q, d. 11111  no
e. 1000000 yes
- F=1{0} . 1010011 no
g. €& YES



Understandingstate Diagrams

So what id.(M;)?
0, 00, 1000000, £ [ L(M,)
1,11111,1010011 0 L(M,)

Generally:

If the last symbol wae, the transition led intq,, which is an accept state.
If the last symbol wag, the transition led intg,, which is not an accept state.
In other words: to end in an accept state, thagtnust end i10.

L(M,) = {x|Xxends ino}
...well, almost, because the empty string is ate@pted.
L(M;) = {X|xends ino or is the empty string}

or, L(M;) = {Xx| x does not end in}, etc.



Regular Languages

Definition: A regular languageis a language that
can be modeled with a DFA.

Definition: The languagenodeled (or defined) by a
finite state automatoM, writtenL(M), Is
the set of stringM accepts.

- Note thateveryDFA defines a language (i.e., a set o
strings). EverM. 0,1

- What isL(M,)?
- M, doesn’t accept any strings, So...

- It’s the empty language, @. M

e



Regular Languages

- S0 how can we tell that a langudges a regular
language?

. Construct a DFA that models it!

- For example: show that the following languages ar
regular (with> = {0, 1}) by providing DFAs that
model them:

{s|scontains at least threes}
{s|sbegins with1 and ends witl0}



Regular Languages

{s|scontains at least threes}

- Suppose we’re in the middle of a string. What
‘states” matter?

- Some possible situations we could be In: “the $gstbol
we saw was a”; “the first symbol in the string was a
0”; “the last two symbols were the same”

- But the ones that matter here are....

0

0 0

No 1s so far Ond so far Twols so far Three or mores

0,1




Regular Languages
{s|sbegins with1 and ends witl0}

- Once again, start with the states the string nbght
In....

- ...though this time, we’ll do it in two parts.

- Now, what happens if you're gt and the symbol
you see Is 87

0,1 1 0

o)A
Doesn’t start Starting point Doesn’t ;/et\l/Ends withO

with 1 end withO



“Dead” States

- Why a “dead” state?

- Because in this language, it’s possible to reagbiat in the
string where it's “too late”: it's already not pat the
language, and adding more symbols won't help.

- That Is to say, it should be impossible to reach@mept state at
this point.

- Compare this to the “ends wi@i part: even if the string so far
doesn’t end witlo, it’s still could.

. Or similarly for the “at least threxs”

language: adding more symbols could
make the string part of the language.

Go

{s|sbegins with1 and ends witlo}



Please pair up with a partner.
(No, really.)



Regular Languages

{1}
0,1

{s| the length o§is odd}

O
M




Regular Operations

Let AandB be languages with the same alphabet
- e.g.,.P={10,11}andQ={10, 100, 1000}

Definition: Theunion of A andB is the language
AlOB={x|xUOAorx0B}
- POQ={10,11, 100, 1000}

Definition: Theintersection of A andB is the
languageéA n B = {x|x 1 Aandx [ B}

- Pn Q={10}



Regular Operations

P={10,11}andQ= {10, 100, 1000}

Definition: Theconcatenation of A andB Is the
languageéA - B = {xy|x L Aandy L1 B}

- P-Q={1010,10100, 101000,
1110,11100,111000}

Definition: Thestar of Alis the language
A* = { X %..X | k>0 and each; [] A}

. P*= {g 10,11,

1010,1011,1110,1111,
101010,101011,101110,101111,
111010,111011,111110,111111, ...}



Properties of Regular Operations

Definition: A setSis closed under an operatioix If,

. For

when the inputs t& are members d,
the output iIs a member 6&f

Instance:

- The set of positive integers is closed under thexappon
*addition”; If x andy are positive integers, thery Is a
positive integer.

o T
0
o T

ne set of positive integersnst closed under the
peration “subtraction”.

ne set of all integerns closed under subtraction.



Properties of Regular Operations

. Thus: Four theorems

- The class of regular languages is closed undaurilon

operation.
. (l.e., the union of two regular languages is alsegular

language)
- The class of regular languages is closed under the

Intersection operation.
. (l.e., the intersection of two regular languagestes)

- The class of regular languages iIs closed under the
concatenation operation.

- The class of regular languages is closed undesténe
operation.

. Of course, we still need to prove these.



Proof of Closure Under Union

- Glven: A, B are regular languages.
- Toprove: ALl Bis aregular language.

- Which is to say:

- Glven: There i1s a FSM, that modelsA, and a FSAV
that model$.

- Toprove: There is a FSAM g that modelsA U B.

. Thus: If we can provide a way to constrivtt; from

any arbitrarily choseM, andMg, we've proven that

the set of regular languages Is closed under union.



Proof of Closure Under Union

. How can we construct such a machine?

- The idea: the machine should check both machimes *i
parallel”.
- As It goes through the string, it should keep tratk

whereM, would be and wher®l; would be.
. That is, it needs to “remember” a pair of states.

- So0: the states of M will be...
...the Cartesian product of the state®gfandMg.

. And now, the method...



Proof of Closure Under Union

- By definition:
A is modeled by, = <Q,, Z,, O, Sa, Fp>
B is modeled by = <Qg, Zg, Og, Sg, Fg>

hen letM,; = <Qag: Zag: Oap: Sap Fag™, Where...

+ Qap = Qa X Qg =1{<0q;, g> | g U Qaandq; U Qg}
DI

> Qpg IS ON the next slide.

° SAB = S Sg”

={<q,q>|q U F,orq UFg]
That IS, the set of palrs representlng states iclweitherM ,

or Mgz would accept the string.




Proof of Closure Under Union
- S0 what aboud,g?

. Foreach g, q> 0 Q,gandx [ 2:
0p6(<y Op>: X) = <Oa(Gas X), Og(Qyy X)>

- In other words: suppose we’re at some stat@, |
which represents a state frdvh, and a state from
Mg; and the symbol we readxs

- We transition to the state that represents

- the statex takes us to iM,, and
- the statex takes us to IMg.



Proof of Closure Under Union

. Given these definitiond ;IS a finite state
automaton:

- |t has a finite number of states,
- a finite alphabet
- etc.

- And M,z models the languagk ] B: it accepts any
string thatA or B would accept.

- ThereforeA 1 Bis a regular language.



For Example...

- A={s| the length o§is odd}
- B={s]| 11 is a substring of}

0.1

@;@17@3




+ Qa= {E O}
-+ 2,=1{0, 1}

. 5,= 01
E/OO

OE E

. SA:E
- FA={0}



.+ Q,={E,0} Qy={Z H, T} - Qus={ER B+, & H>,

QE, OH, €0 }Z>,
- 2,={0,1} 25={0, 1} . T = {6QH>, <0, T>}
+ Su=E S=2Z . S,5=EZ
» Fo={0}  Fg={T} . Fos={OZ OH, OT, ET}
-0,= 01 o,=01 ¢« Oy = 0 1
EIO O Z|Z H EZ | OZ OH
OFE E H Z EH | OZ O
TT T ET | OT OT
O | EZ EH
OH | EZ ET
Oor | ET ET







Seeing It In Action: Strin@101

/_\ 0 1 0 1
@ MyE- OS5 E- OS ENO
0.1
MA

-z2 722 WS z2 Hno




Seeing It In Action: Strin@110

/_\ 0 1 1 0
@ MyE- OS5 E- O- ENO
0.1
MA

T yes




Proof of Closure Under Intersection

. |f that was union, what would intersection lookelik

- The idea: much the same! Track through both mashine
at once.

- Except that this time...
...accept the string only if you end at a state
corresponding to end statesbmithmachines, instead of
eithermachine.

» That is: letM g = <Qpg, 225, Oag: Sar Fag™>, Where...

- Qap = Qa X Qg =1{<0q;, 0> | g U Qaandq; U Qg}
2 g=25= 245

- For each g, qb> [ Qagandx [ 2
Opp(<0a Op>1 X) = <Op(Clas X), O(Qp, X)>
° SpR = Sar
Fae=1{<0i,g>[q U Fyand g U Fg}



So Instead of...







