Regular Languages|l: Nondeter ministic FSAsS
LING 106, February 18-25, 2009

1. REVIEW: (NON-)DETERMINISTIC FSAS

* In a deterministic FSA (DFA), all moves are uretjudetermined. That is, for any state
g, each symbol of the alphabet will have exactly wagsition fromq to another statg’
(which may be the same as stgte
The transition functioi is a functionQ x X — Q.

* In a non-deterministic FSA (NFA), not all moves aniquely determined. A state may
have zero, one, or more than one transitions fon egmbol of the alphabet. In addition,
we’ll allow NFAs to transition with the empty stgn.

disamapping® x (X O {e})) — Q, but it may not be a function.

1.1. AsampleDFA: N;

-
()& ()=
o for Nq:
<Jo, 0> — Jo
<Qo, 1> — Qo
<Jo, 1> — 01
<01, 0> — Q2
<Q1, e — 0]
<02, 1> — Q3
<0, 0> — Oz
<g3, 1> — Qs

Once again, note that this is not a function fiQm *— Q, or evenQ x (X [J {&}) — Q. For this
machine 5(<qgp, 1>) has two possible values, as@q;, 1>) has none.

o for N1 in table form

0 1 €
do do Jo Or O UNDEFINED
01 o)) UNDEFINED o))
02 | UNDEFINED O3 UNDEFINED
Oz 0%} O3 UNDEFINED
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2. FORMAL DEFINITION

But we can still maké a function. The idea is this:doesn’t range over states, because the
value of the function could be one state, or itlddae zero, or two, or any other number. But
it'll always besome collection of states...

Definition: A NONDETERMINISTIC FINITE STATE AUTOMATON is a 5-tuple , %, 6, s, F>
(i.e., just like a deterministic FSA); except tiredtead of having:Q x X — Q,

we haved:Q x (X O {&}) — £(Q).

revisedd for Nq in table form
0 1 €
Qo | {0} {do,ai} O
| {2} 0 { o}
Q| O {as} O
gs | {as} {as} 0

2.1. Sample DFA computation

Does the machine above—repeated here for convexieaccep010110?

0.1

0.1

Start atgp, read the first character in the string, followe thansition. At point (a), there are two
options, so the computation splits. Because thetestring is an option aj;, the computation
splits again at point (b). At point (c), one oéttalculations hits a stopping point: there iOno
transition leading out af,, so that path cannot deriea0110. Things continue, splitting and
ending as need be. At point (d), two derivatiorsge: there are two different ways to getijo
with the stringd1011, so there’s no need to follow both.
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Finally, at the end, there are three possible sthi@t can be reached with the full string. We
check to see if any of those are end states; theol-SA accepts the string, and if not, it does
not. In this casey; is an end state, so the string is accepted.

Question: Which of the following strings does the machineeqt?
a.1011
b.1010101
C.00001
d.1100101

Question: Give a formal description of the following NFA.

0,1

What language doéé, define?

Question: Draw a state diagram fd; = <Q, X, 3, S, F>, where
1. Q ={qo, g1, 02}
2. ¥ ={a, b}
3. o=
a b €
Q| O {a} {a}
G| {0t} {2} O
| {ad O O
4, S=Qo
5. F= {qO}
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3. DESIGNING NFAS

* The languagew | w contains the substrimapo}, ~ = {0,1}.

0.1

0.1
C

* Question: The languageV | the length ofv is at most 4}X = {0,1}.

* Question: The languageV | w contains an odd number b$}, X = {0,1}.
* Question: The languaged, 101, 10001}, >~ = {0,1}.

Notation: for any stringg, the notatioro* means “any numbar of concatenated
occurrences of, n>0". (If o is longer than a single symbol, it's enclosed in
parentheses.)

°* 10*=1,10, 100, 1000, 10000, ...
* (10)*=¢,10,1010, 101010, ...

* Question: The languagedq*}.

* Question: The languaged*10*}.
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» Exercisefor recitation: Give a nondeterministic FSA diagram with the spedinumber
of states for each of the following languages witthabet 0, 1}

The languagesf; one state

The languagea}; two states

The languagew | w ends withoo}; three states

The languaged01*}; three states

The languagen | w starts with010}; four states

The language@* 1* 0}; three states

~PoOoTw

4. NONDETERMINISTIC FSASVS. DETERMINISTIC FSAS

Clearly, NFAs are more powerful than DFAs—they allempty strings in transitions, they
allow multiple transitions for the same symbol frarsingle state, or none at all. “More
powerful”, in this case, means “can model more leygs”. That is:

| Proposition A: there is a languadethat can be modeled with a NFA but not a DIFA.

Rather than just stating the proposition with therdv'clearly” in front of it, it would be nice to
prove it. And yet, for all that it may look intively true, Proposition A is false. In fact:

| Proposition B: NFAs and DFAs are equivalent: they model exatitysame languages.

The proof of Proposition B:

1) Show that any language modeled by a DFAbsamodeled by a NFA.
(2) Show that any language modeled by a NFA eambdeled by a DFA.
3) Given (1) and (2): they can model exactlyshee languages.

That is: IfN is the set of languages that can be modeled INF#y andD is the set of languages
that can be modeled by a DFA, then the proof isD(LI N; (2) NI D; (3) D =N.

4.1. |If alanguage can be modeled by a DFA, it can be modeled by a NFA
Proof: any DFA can be trivially converted into akA Because:

e If D = <Qp, Xp, 0p, S, Fo> is a DFA, therN = <Q,, Xy, o, Sy, Fv> is an NFA that models
the same language, where:
> Qn=Qp
° ZN = ZD
° SN =S
° FN = FD
o Forallg O Qp, x I Zp:
§'(<q, x>) = {8(<q, x>}, and
d'(<q,e>) =0
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That was the easy part.

4.2. |f alanguage can be modeled by a NFA, it can be modeled by a DFA

Once again, a proof by construction: given an eabitNFA, how can we construct a DFA that
accepts the same strings?

* General approach: when we were computing whethparticular string was accepted by
a NFA, we had to keep track, at each step, whatestwere reachable by the string up to
that step.

Therefore: the DFA will have a state for eachddedtates in the NFA. That is, each state
in the DFA will correspond to some subset of tladest of the NFA—i.e., a member of
the power set of the states.

So: letN = <Qy, Xy, o, Svy Fn>. ThenD = <Qy, o, 8, S, Fo> IS an equivalent DFA where:

=

Qo = £(Qu).
2. X5 =X, I.e. it's the same alphabet as the alphabst of
3. ForR O Qo andx O 3, letd(<R, x>) = {q 0 Qy | q O dx(<r, x>) for somer O R}*

...which will almost, but not quite, work: NFAsan also transition on the empty
string—the above doesn’t say what to do wiitkqg, £>). So...

For anyR 0 Qp, letE(R) be the set of states that can be reached Rty going along
transitions, including those statesRnThat is, forR [ Q,

E(R) ={q | g can be reached froR by following O or more transitions}
And thus:55(<R, x>) = {q U Qn | q O E(6n(<r, x>)) for some O R}
4. ss=E({s}
that is, the start state is the one representiegttrt state dfl and any other state

that can be reached from there via empty transtion

5. Fo = {R 0O Qp | R contains an accept stateMf

! Also written:3,(<R, a>) = U, g g 8(<r, a>)
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4.3. Example

[see class slides, to be posted]

| Consequence: a language is regular iff some NFA models it.

Why is this important? For one thing, NFAs are @a construct and easier to read than DFAs.
For instance:

» LetXy1 =<Qq, Z, 81, S1, F1> andX; = <Qy, %, 62, S, F2>, where Q4| = 13 and@,| = 17.
Find X102, the union oX; andXs.

If we're using DFAS, theQi2 = Q1 x Q2, and Q12| = Q1] - 2| = 13 - 17 = 221 states.
But with a NFA, we can do it i} + Q| + 1 = 31 states:

s
NG~

...and we’re done, without having to worry aboutaik; andX; look like.

(the rest ofy)

(the rest ofy)
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