Formal Reasoning and Analysis
LING 106, Jan. 14, 2009

1. AFORMAL SYSTEM: SHAPES

Chesterton was easily excited. He once wrote abeeing “evil shapes” in the
pattern of a Turkish carpet — an odd idea that suap in C. S. Lewis’s Narnia
too, where the Witch kills Aslan with a knife ofsaange and evil shape.” What
is anevil shapel wonder? Could a triangle be evil, for exampkr2 some kinds
of triangles decent and God-fearing, whereas othams treacherous...? And
could you tell that from thehape@

—Philip Pullman, “The Republic of Heaven”

1.1. Livingand Dead
Suppose we classify shapes into “living” and “dedwy/ the following system.
* A shape is “living” if:
o Itis a heart (black, white, or colored/shaded)
o Itis a circle that contains a living shape
o Itis a bisected diamond, triangle, or square tbatains a living shape in each half.
» Otherwise, the shape is “dead”.

some living shapes some dead shapes
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1.2. Good and Evil
The following are the rules that determine whethshape is “good” or “evil”.

* Heart Rule (HR)
Black hearts are good. White hearts are evil.eDitliearts are unknown.

* Circle Rule (CR)
A circle containing a good shape is evil.
A circle containing an evil shape is good.

* Double Circle Rule (DCR)
If a shape is good, then a circle containing de&icontaining the shape is good.
If a circle containing a circle containing a shapgood, then the shape is good.

» Square Rule (SR)
If two shapes are good, then a square containm¢ytb shapes is good.
Otherwise, the square is evil.

If a square is good, then both of the shapes itatos are good.

» Diamond Rule (DR)
If two shapes are evil, then a diamond containimegttvo shapes is evil.
Otherwise, the diamond is good.

* Triangle Rule (TR)
A triangle is evil if its left shape is good, ard fight shape is evil.
Otherwise, the triangle is good.

* Triangle Formation Rule (TFR)
If you assume a shapas good, and from that you can show that shaigegood, then a
triangle withx on the left ang on the right is a good shape.

 Triangle Piece Rule (TPR)
If a triangle is good, and the left shape in tlenigle is good, then the right shape must
also be good.
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1.3. Proofs

1 Prove that | is a good €ha
(1) ® i ® g p

0] START PARENTHETICAL
(@) Assume® isa good shape.
(b) From (a):? is a good shape. :
END PARENTHETICAL ;
(i) From (i) + the Triangle Formation Ru S o is a good shape

The key elements of a proof:

» Each line contains a good shape.

» Each line contains an explanation of why the shamgood.

» Parentheticals are clearly marked and set afparthe in-class slides, | used actual
parentheses. Whatever works.)
o Assumptions are only allowed at the start of aptretical.
> Note that shapes that are good inside a parecdthatien’t necessarilyctually good

shapes! Don’t use them as good shapes once thatipetieal is finished!

(2) is a gobdpse.

0] START PARENTHETICAL

(@ ({7 [assumption]

(b) (@) + SR

END PARENTHETICAL

(ii) (i) + TFR
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Prove that the shape at the bottom of the ageyood shape.

(1)

(2)

START PARENTHETICAL A

(©) [(a) + SR]

(d)  START PARENTHETICAL B
(i) € [assumption]

) [TPR + (b) + (i)]

(i) €9 [TPR + (c) + (ii)]

END PARENTHETICAL B

© /N [@)+TFR]
2

END PARENTHETICAL A

By (1) + TFR:

(@) @iv i 929 [assumption]
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2.  &ETS

Definition: ~ A SET is simply a collection of objects.

Some examples:
» A ={Brown, Columbia, Cornell, Dartmouth, Harvarcer, Princeton, Yale}
«B={1,2,3,4,5,6,7,8,..}
» C ={George W. Bush, my laptop, 5, the planet Mars}

A set with one member is calleds®GLETON SET. There is also one special set, the set with no
members at all, which is called tB®PTY SET (or NULL SET) and written].

2.1. Some properties of sets

Definition:  An object in a set is called @EeEMENT . “x is an element d¥’ is writtenx J S
« 50B. 50C. 50A

Definition: The number of elements in a set is calledcthkreDINALITY of the set.
“The cardinality ofS’ is written §.

*A=__.Bl=__ €= M=

Sets are unordered, and something can only becareat of a set once. Repeating it when
writing out the set has no effect.

» {5, George W. Bush, the planet Mars, my laptop} =
» {5, George W. Bush, the planet Mars, George WsiB®, my laptop, 5, 5, 5, 5} €

Elements of sets are objects, not the names otwshjnough linguistic strings such as names
can be elements of sets). Consequently, it doesatter how you name the elements of a set.

» {John Lennon, George Harrison, Paul McCartnengRiStarr}
# {*John Lennon”, “George Harrison”, “Paul McCartrig§Ringo Starr’}

(the first is a set of four people; the secona st of four names)

* {the man holding the office of President of theitdd States in May 2007, this Dell
Inspiron, the positive square root of 25, the foumost distant planet from Sol}&
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Sets can be elements of other sets.

* D = {setA, setB, setC}
«E={1,23,4,{1,2},{3,4} {1, 2, 3, 4} Question: E| = ?

Note: A set X that's a member of another set Y getmted as a single element when
determining the cardinality of Y, regardless ofagsdinality. For instance)| = 3, even though
the cardinality of each of islementss greater than 3.

A few more examples:

«$={1,2,3,4,5,6, 7} =___
«S$={1,2,3,4,51{6,7} f=
*S=1{1,2,{1, 2}, {2}, {3} 9=

This last example may be particularly illuminatimgite that {1, 2} is a single element distinct
from either 1 or 2; and that {2} is also an eleméistinct from 2.

2.2. Howto specify a set

2.2.1. List Notation
The notation used above. Simply write out a listhef elements of the set.

Advantages
* It's immediately clear what's in the set.
* It works for pretty much any set.
Disadvantages
» The larger the cardinality of the set, the harterto write out the full list.
* Once the set is infinite, literally listing theements becomes impossible. It can still be
done using ellipses, but it may be ambiguous:

F={1,3,5,7, ..}

Is F the set of odd natural numbers? Or...

2.2.2. Predicate Notation

Describe the members of the set, rather than nagaol one. Frequently used notation: “the set
of all x for which it’s true that [condition]” is writtenX| [condition]}. Examples:
* A= the set of Ivy League schoots,
{the Ivy League schoolshr
{x|xis an vy League school}
* B={x|xIis a positive integer}
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Advantages

» Concise and unambiguous, both of which are duately for infinite sets
Disadvantages

» Doesn’'t work for every set (good luck expressththis ways}

» Tears holes in the space-time continuum...

Russell’'s Paradox

Let Sbe the set of sets which do not contain themsghe$S= {x |x 0 x}.
Question: isSa member 08?

() If Sis a not a member & then it matches the criterion for inclusiondrand
therefore it must be a member®f

(i) If Sis a member 0§, then that's because it matches the criterionnidusion
in S i.e. because it's not a member of itself, iIS4s not a member &

ThereforeSis neither a member & nor not a member &

Moral of the story: just because you can writgotvn doesn’t mean yaghould Or, a
little more formally: just because you can writéipredicate notation doesn’t make it a
well-defined set.

2.2.3. Recursive Notation

List some (finite) members of the set, and givala forgeneratingother elements of the set
based on those members. For instance:

(@) 10F, and
(b) if xOF, thenx+ 20 F, and
(c) nothing else is a memberef

Important note: this is generator not a simple description of the contents of e s
(Otherwise, the statement “nothing else is a merabet wouldn’t really help.) For example,
consider the two sets:

«F={1,3,5,709, 11,13, ..}
«F"={1,1,3,5,7,9, 11,13, ..}

Look at the description df in the box above. It's true thatlF’ and 10 F". It's also true that,
forallx OF', x+ 20F, and for alix 0 F”, x + 20 F". So which one of these setd-i3

Answer:F =F'. Recursive notation doesn’t simply describe aisepecifically generates
elements of the set. That is, the rules in thetbbxs: 1 is a member &, and thus 1+2 is a
member ofF, and (1+2)+2 is a member Bf etc. The intuition is that nothing lets us “jump
backward” to include -1.



LING 106 Set Theory
Jan. 14, 2009

Another example:

(& Vermontd G, and

(b) if x O G andy is a US state and the last lettexafname
is the first letter of/’s name, thery [J G, and

(c) nothing else is a member Gf

* Start withG = {Vermont}.

» Then add every US state such that the last lett&’ermont” is the first letter of that
state’s name—i.e. Texas and Tennessee. GeawVermont, Texas, Tennessee}.

* Again, add every US state whose first letteheslast letter of “Vermont”, “Texas”, or
“Tennessee’—since we already have the T's and @xer@o E’s, that'll just be South
Dakota and South Carolina. o= {Vermont, Texas, Tennessee, South Carolina,Sout
Dakota}.

» Apply the rule once agai® = {Vermont, Texas, Tennessee, South Carolina,tsout
Dakota, Alaska, Alabama, Arizona, Arkansas}.

* One more time...now we're adding every stateisgwith T, S, E, or A. But it turns out
we’ve already got all those states, so furtheriagpbn of the rule won’t change
anything.

So we'’re done, ands = {VT, TX, TN, SC, SD, AK, AL, AZ, AR}. (Remembethat it doesn’t
matter what name we use for the elements—it’s tidte s themselves that are member&.pf

One more example:

(@) 3,40H, and
(b) if x OH andx + 5 < 30, thex + 500 H, and
(c) nothing else is a memberldf

Start:H = {3, 4}.

30Hand 3+5<30,s03+5=8BH. And40H and 4 +5 <30, so4 +5=9H.
Now:H = {3, 4, 8, 9}.

Repeat with 8 and ¥ = {3, 4, 8, 9, 13, 14}. Again...[repeat a few mdiraes]...and now
H={3,4,8,9, 13, 14, 18, 19, 23, 24, 28, 29}.

Repeat with 28: 281 H...but 28 + 5 > 30. So we’re done!

And thusH = {3, 4, 8, 9, 13, 14, 18, 19, 23, 24, 28, 29}.
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Advantages
» Guaranteed to be well-defined

Disadvantages
» Can be somewhat less perspicuous than other ngetho
» Works for even fewer sets than predicate notation

2.3. Thingsto do with sets

What can we do with sets? We can talk about thements and cardinality, of course. We can
also talk about relations between sets:

Definition: A ISIDENTICAL TO B, written A = B, iff they have exactly the samembers.

Definition: A is asuBseT of B (A [I B) iff every element of A is an element of B.
A is aPROPER suBseTof B (A O B) iff A O B and Az B.

» {George W. Bush, the planet Mars}C

» {x|xis evenly divisible by 6}1 {x | x is evenly divisible by 2}
» {x|xis evenly divisible by 6}1{x | x is evenly divisible by 2}
* {x|xis evenly divisible by 6}/1 {x |xis evenly divisible by 4}

And we have operations on sets:

Definition:  TheINTERSECTION of A and B (AN B) is the set that contains all and only those
elements that are ooth A and B.
«{1,2,3,4,5,6N{2,4,6,8, 10, 12} = {2, 4, 6}
» {X|xis an Ivy League school} {x | xis in the state of New York} =
* {Xx|xis a square number} {x |xis a prime number} =

Definition:  TheunioN of A and B (Al B) is the set that contains all and only thosenelets
that are in Aor B (or both).
«{1,2,3,4,5,6}1{2,4,6,8,10,12}={1,2,3,4,5,6, 8, 1®}1
» {Xx|xis an vy League school}l {x |x s in the state of New York} =

Additional notation: AN B N C is often written a§){A, B, C}, and A B O C asll{A, B, C}.

! Also: A is a PROPER) SUPERSETOf B iff B is a (proper) subset of A, written BA, B 0 A.

-9-
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Definition:  ThebIFFERENCE of A and B (A — B) is the set of all individualsat are in A and
not in B.
*«{1,2,3,4,5,6}-{2,4,6, 8, 10,12} ={1, 5}

Definition:  ThecompLEMENT of A (A’) is the set of all individuals that are not inwth
respect to some “universe of discourse” U: thatlis; A.
» With respect to the set of integerg:|¥ is an even integefk {x | xis an odd integer}

Definition:  ThePOWER SET of A, (A), is the set of all subsets of A.
* If H={a, b, c}, thenp(H) ={0O, {a}, { b}, {c}, {a b}, {a,c}, {b,c}, {a b, c}}
* lp(S =2

3. TUPLES

You draw two cards from a 52-card deck.
What is the probability that they form a péir?

Definition: A SEQUENCE is a list of objects in a particular order.
* <a, b, c>; <George W. Bush, my laptop, 5, the planet Mars3;2, 3, 4, ...>
* {a,b,c={c Db, a}, but<a, b, c>#<c, b, a>
* {a,b} ={a, b, b}, but <a, b># <a, b, b>

Finite sequences are also caltewbLES; a sequence with elements is an-tuple. (A 2-tuple is
usually called an “ordered pair”.)

Definition:  TheCARTESIAN PRODUCT of two sets A and B (4 B) is the set of ordered pairs:
{<x,y>|xOA andy J B}
* If H={a, b, ¢} andJ = {0, 1}, then
o HxJ={<a 0>, {, 0>, <, 0>, <, 1>, D, 1>, <, 1>}
o JxJ=

2 Answer: 100%. Any two objects form a pair. (Tisishe kind of joke mathematicians find funny. Y@ibeen
warned.)

-10 -
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4. RELATIONS

Definition: A RELATION is a set of pairs.
ThepomAIN of a relation R isX | there is somg such that x, y> [ R}.
TheRANGE of a relation R isy | there is some such that %, y> [0 R}.

Specifically: If RO A x B, then R is aelation from A to B
If RO A x A, then R is aelation in A
If <x, y> [0 R, also written Ry, y), Rxy, or xRy, then Rholdsbetweerx andy.

For example:
» LetS={Bart, Homer, Grandpa, Lisa, Maggie, Marge}.
Define the “is the father of” relatidain S F [ Sx S
* F ={<Grandpa, Homer>, <Homer, Bart>, <Homer, Lisablomer, Maggie>}
* The domain of = {Grandpa, Homer}
» The range oF = {Homer, Bart, Lisa, Maggie}

Definition:  ThecompLEMENT of a relation RJ A x B, written R, is the set of pairs in A B
thatare notin R, i.e. & y> | <, y> O R}

* F' = {<Homer, Marge>, <Homer, Grandpa>, <Bart, Lisa3},

Definition:  TheINVERSE of a relation RO A x B, written R, is the set of pairs in R with
their elements reversed, i.e.\f{s¢ | <, y> O R}

 F! = {<Homer, Grandpa>, <Bart, Homer>, <Lisa, HometMaggie, Homer>}

Note that if RO A x B, then ROA xB and R* I B x A,

-11 -



LING 106 Set Theory
Jan. 14, 2009

5. FUNCTIONS
Definition: F is aFuUNCTION from A to B, writtenF : A — B, if

F is a relation from A to B such that:
(a) each element in the domain of F maps to ong/element in the range, and
(b) domain(F) = A

(Note: if domain(F)YJ A, then F is called partial function In general, “function” by itself is
used for complete functions only.)

For example: IiA = {a, b, c} and B = {1, 2, 3, 4}, then which of the following relatis from A
to B are functions?
* P=  {<a 1> D, 2>, <, 3>}
{<a, 1>, b, 2>}
{<aq, 2>, <, 3>, b, 4>, <, 1>}

*Q
*R
.S {<a 3>, b, 2>, <, 2>}

Further notation and definitions:
o If <x, y> O F, thenF(x) =y, read F mapsxtoy’.
In F(X) =y: X is theARGUMENT , y is theVALUE .

* If each element in the rangefis mapped to by only one element in the domain—i.e
the converse of (a) in the definition—thEns ONE-TO-ONE. (If not, F iS MANY -TO-ONE.)

* If rangef) = B—i.e., the converse of (b)—thé&nis oNTO (or a function “onto B”). (If
not, F isINTO or a function “intoB”.)

* If F is one-to-one and ontb,is called aONE-TO-ONE CORRESPONDENCE. (Note that in
this caseé= is also a function.)

A function that’s neither one-to-one nor onto:
A={ab,c}, B={0,1, 2},F:A—- B={<a, 0>, <, 1>, <, 0>}

A function that's one-to-one but not onto:
A={ab,c}, B={0,1, 2, 3},F:A—->B={<qa, 0>, b, 1>, <, 2>}

A function that's onto but not one-to-one:
A={ab,c}, B={0, 1}, F:A—B={<a, 0>, <, 1>, <, 0>}

A function that's both one-to-one and onto:
A={ab,c}, B={0,1, 2},F:A—B={<a, 0>, D, 1>, <, 2>}
(note that~ looks a lot like the not-onto function above; iatters what set the function is
a function into.)
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