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Propositional Logic: A Definition

«2={p,q,r,...00 -,~[1}

« F, the set of formulas of Propositional Logic, is
defined recursively as follows.

- Thepropostionsp, q, r, ... O F.
- IfxOF, then[~]q OF.

< Ifx,yOF, then[xOy] OF.

< Ifx,yOF, then[xOy] OF.

< Ifx,yOF then[x - y]OF.

- Nothing elseisinF.

Propositional Logic: Truth Tables
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[xOy] isfalseiff x and y are both false.
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More Truth Tables
p = It'sraining.
q = Johnis carrying an umbrela.
r = It'ssnowing.
If itisraining, John iscarrying anumbrella. [p - gl

John isnot carrying an umbrella. [~al

O Itisnot raining. [-P1
p|a|lp~dll~dl|[~p]
¥ 1'; 1'; ‘IE F Whenever both premises are true...
ElT T ElT ...the conclusion istrue.
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Either it israining or it is snowing. [pOr]

It isnot snowing. [~r1
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Propositional Logic: A Basis for Semantics

- The good news: propositional logic does agood job
of modeling connected propositions.
- If you' ve taken LING 106, you can draw FSAs.

- The exam will be hard, or the examwill not be hard.
- efc.

« The bad news: it only goes so far.

- It doesn't quite capture if, and, etc.
= We need to know where propositions come from.

The Bad News, Part One

- Ifp,g=[p - qg]. Trueunlesspistrueand qisfase.

- If you fail the exam, you'll fail the class.
. Truein caseswhere: you fail the exam and you fail the class; you passthe
exam and you pass the class; you passthe exam and you fail the class.
- If Abe Lincoln was a Russian spy, then I'm a professor of
linguistics.
- Infact, | amaprofessor of linguistics Is this still true?
- If you'rethirsty, there's beer in the fridge.
- If you'renot thirsty and there'sno beer in thefridge, is this true?

« Answer: the lagt one (maybe a s0 the second) aren’t the
thing being represented by — (akamaterial implication).

= And that’s OK...but it means there are sentences that it |ooked like
we could modd, that we in fact can't.




The Bad News, Part One

- pandqg=[p Oqg]. Trueif pistrueand q istrue.

- porq=[p Odq]. Trueif pistrueor qistrue.

- | gtarted lecturing, turned on my laptop, and came into
the room.
. Readly?
- | wrote aletter to my grandmother yesterday, and Sx
men can fit in the back seat of a Ford.
. What?
- Either it’sNovember, or George W. Bushisan Irish
Penn student.
. Well, true, but...?

The Bad News, Part Two

All humans are mortal.
Socratesis ahuman.
[ Socratesis mortal.

« That didn’t help.
« What we need...

. human: </hjumen/, noun, ‘sapient bipedal mammal’>
- mortal: </mortel/, adjective, ‘subject to death’>
- all humans are mortal:
. Sentence, made from noun-phrase (article + noun) and verb-phrase (verb +
adjective).
. Proposition, made from the meaning of all (whatever that is), the meaning
‘sapient bipedal human’, and the meaning ‘subject to death’.

And Thus: Predicate Logic

- Theintuition:

- Rather than being about propositions (and their connectors)...

If it israining, John iscarryingan umbrella [p - d]
John isnot carrying an umbrella. [~ql
O It isnot raining. [~p]

...the classical, Aristotlean syllogismis about predicates.
All humansare mortal.

isa human.
is mortd.

- Note: we'll gill need propostional logic; we rejust adding

thingsto the system.

- We'll ill have the elements of propostlonal logicin our

lexicon: {~, 00 -,[,1} (X

Predicate Logic: A Definition

Socratesis a human / The Archon of Ptharnisa
squorfle/ George W. Bush is a Penn student is

“about”: < Individuals
— Predicates
- Socrates/ the Archon of Ptharn/ George W. Bush

= humans/ squorfles/ Penn sudents

Socrates is a human means “the predicate human
holds of the individual Socrates’.

{~00-,L].G),A/B,...Z,a,b, ..z} [&.

- Capital lettersrepresent predicates
- Lowercase |ettersrepresent individual s
- Socratesisa human: H(s), where

il

Predicate Logic: A Definition

All humans are mortal / All squorfles are brachtly /
All Penn students are from Ireland is“about”:

- humans/ squorfles/ Penn sudents  — Predicates
- mortalness/ brachtliness/ Irishness — Also predicates

All humans are mortal means “the predicate human
holds of the individual....”

- But what individual ?

All humans are mortal means “the predicate human
holds of the predicate mortal”.

- But what would that even mean?
We're going to need something else in the system.

Predicate Logic: A Definition

{~1 Dr Dr -, [1 ]1 (1 )1 A1 ey Z a, ..., W, X1 y1 Z} [E .

- CAPITAL LETTERS represent predicates.

- lowercase letters represent individuals

- italicized lowercase letters represent variables over

individuals
- ...with the note that X, y, zarereserved for variables
- If we need more variables, we can dways number them: x,, x,,
Xz wee

So all humans are mortal can be represented as a

connection between H(X) and M(X).

That' | almost cover it, but we'll need just three
more things...




Predicate Logic: A Definition

- 2={0,0=~00>,L1GC)LA ..Z a .,w,
X,y,Z}

- F, the set of formulas of Predicate Logic, is defined
recursively asfollows.

- If aisapredicate and b isanindividua”, thena(b) O F.

- If a, bareindividuals', then[a=b] O F.

o IfmnOF,then [~m], (mOn], (mOn], [m->n] OF.

- IfmOFand aisanindividua variable, then [Oam] and
[Cam] OF.

- Nothing elseisinF.

*Note: “individual” = either a constant or avariable.

Predicate Logic: A Definition
- 2={0,0=~00-+.L1.G)A ...Z, 8., W, XY, 2

« F, the set of formulas of Predicate Logic, is defined recursively asfollows.

- Ifaisapredicate and bisanindividual, thena(b) OF.

- Ifa bareindividuals, then[a=b] OF.

< IfmnOF, then[~m], (mOn], [mOn], [m - n] OF.

- IfmOFand aisanindividual variable, then [Oam] and [Cam] OF.
- NothingelseisinF.

« Some formulas: . Some non-formulas:

- H(s) - H

- HEO e

- [H(s) OM(s)] . [H(s) OM(s) OP(s)]
- [HCO O[s=x11 - [H(s) =P(9)]

- [OxH(S)] - [Os H(s)]

- [F[OXHEO]]
. [IX[HEO Ofs =

Predicate Logic: One More
Definition
- IfmOFandaisavariable then [Oam] and [Cam] O F.

- A variable b appearing in aformulamis bound if m
is part of one of these two formulas.
- Examples
- In [OxHEO], x isbound.
- In[OX[HC) - M()11, xisbound, and y is not.
- In [0y [Ox [H(X) - M(Y)111, both x and y are bound.
S In[IDy [OX[HCO » M(W)IT1 OH)], thelast y isnot
bound.
A formulais aproposition if it contains no unbound
variables.

What Does It All Mean?

- [~m], [(mOn], (mOn], [Mm - n] aretrueif etc.
- If aisapredicate and b isan individual, then a(b) is
true if the predicate holds of the individual.

- eg,if H="ishuman” and s = “ Socrates’, then H(s) is
true.
= Whether H(X) istrue will depend onwho xis

- [a=Db] istrueif aand b are the same individual.

- [Oam] istrueif substituting any individual for ain
m makes mtrue.

- [Oam] istrue if substituting some individual for a

A Very Small World

Humans (H) Cats (C) Deities (D)

Male (8) ol L kity () Hades()
Femde(c) ||Lyssraa@ | JFiuffy () S:na;:r(a)
Mortals (M)
T e - [OxHEO] - Al humans are mortal:
 ME - [XHEOT < [OX[HE) - MEOT]
- HK o o
M(k) [Prieonecon - Some femaleis mortal:
- [X[HEO OCEO1] 31600 OMOOT]
- [H(s) OM()] XM - CooT
- [H@ OM@O1 - IOX[HEO - MEOTI

The Form of Arguments
All humansare mortal. [OX [H(X) - M(X)1]

Socratesisahuman.  H(s) M v
0 Socratesismortal. UM(s)| | [ =
i - 5 I
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